The standard analysis of modulational diffusion for general nonlinearities is qualitatively summarrzed, .
MODULATIONAL DIFFUSION
Models of 1-D nonlinear motion in a hadron collider have timescales of hundreds of turns. When externally driven tune modulation is added, ''thick layer" chaos may ensue El, 2, 31. If chaos is present in such a 1.5-D model, the typical timescale is of order a hundred modulation periods. Synchrotron oscillations generate pseudo-external tune modulation, coupling through non-zero chromaticity. However, even a hundred synchrotron periods amount to only a few seconds, far shorter than the empirically observed timescales of the order of hours [4, 5, 6, 7] .
Amol'd "thin layer" diffusion occurs in 2-D models, with very long timescales of hundreds of millions of turns, but it is generally conceded to be too weak to be a significant practical concern [8,9,10]. Of the classical catalog of diffusion mechanisms, only modulational "thick layer" diffusion in 2.5-D is strong enough and long enough in time scale to be a serious candidate for a successful description of the evolution of hadron collider bunch distributions. Unfortunately, even modulational diffusion has serious deficiencies in explaining the basic features of very simple 2.5-D beam-beam simulations.
A general "standard analysis" of modulational diffusion is well reported in the literature, complete with analytical and quantitative results [9, 10, Ill. These results are not discussed in detail here. Instead, the general characteristics of modulational diffusion are described, and the requirements for its existence are summarized.
Thick layer chaos in 1.5-D
First, consider nonlinear motion in only the horizontal dimension, in the vicinity of a one-dimensional resonance,
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and under the influence of tune modulation, described by The boundaries between these dynamical phases are smoothly drawn in Figure 1 . In this figure both q and Qjt!t scale with the parameter &I, the "island tune" corresponding to small oscillations around the stable fixed point at the center of a resonance island. The straight line limits of the smooth boundaries in Figure 1 are consistent with Hamiltonian approximations which are valid when q and/or QM are incommensurate with &I. From left to right these straight line segments are
where N is the order of the 1-D resonance. The curved portions of the boundaries are drawn with some artistic li- A thick layer of bounded chaos is formed when the tune modulation parameters ( q , Q M ) lie in the dynamical phase labeled "~haos" in Figure 1 . This is illustrated in Figure 2 . It typically takes a particle of order a hundred modulation periods to move all the way across the chaotic layer.
The classical general model of modulational diffusion requires a thick chaotic layer in (say) horizontal phase space, to act as a noise source for the vertical motion. It also requires that the vertical motion is coupled to the horizontal through a weak 2-D coupling resonance. The standard analysis then proceeds by reducing the vertical motion to a random walk in which a test particle tends to diffuse to large vertical amplitudes.
1.2
Chirikov The standard analysis predicts that motion scales as the square root of time, and delines a local diffusion coefficient where AJ, is the vertical action excursion and T is the elapsed time. The ensemble averaging should be performed over a time T short compared to the vertical diffusion time (so that AJ,/J, is small) but long compared to the timescales of horizontal motion across the thick chaotic band (of order a hundred synchrotron periods). It turns out that the diffusion coefficient D depends strongly on a, the proximity of the weak 2-D resonance.
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Primary 1D Resonance
The test particle has an instantaneous tune at "A" in Figure 3, deep in a thick layer of horizontal chaos around a primary horizontal resonance which is f q wide. A single weak coupling resonance lies a distance AQ, away, a distance which is measured in units of the primary resonance half width (7) After a tour de force derivation including a number of assumptions and approximations, the standard analysis predicts that D ( a ) drops by about 16 orders of magnitude as cy is increased from 0 to about 7, in a dramatic series of sudden descents at odd integer values of cy.
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The literature shows that there is good (although not perfect) agreement between the analytical prediction for D(a) and simulationresults obtained by numerical integration of the differential equations of motion [ 10, 111. One free parameter is adjusted to optimize the agreement. The predicted "plateaux and cliffs" are clearly visible.
Unfortunately this is not a realistic scenario for a hadron collider -not even a small fraction of a bunch population would (deliberately) be placed in the middle of a strong chaotic resonance! More relevant to long term collider behavior is the scenario of a test particle at location " B in The Hamiltonian which approximately describes the mo-
where QO is the base tune [ 161. It is straightforward to extend this formalism to include include odd order resonauces driven by (small) closed orbit offsets. It is also possible to extend the analytical description from 1-D to 2-D, although not without some pain. 
A SIMPLE REALISTIC BEAM-BEAM SIMULATION
SIMULATION RESULTS
The maximum vertical amplitude was recorded for test particles launched with initial amplitudes (a,, aY) = (3.O7O.l)u, for tracking times ranging from 10 to lo4 synchrotron periods [ 131. This is as long as a few minutes in Also, the variation of resonance strength with both amplitudes, which is explicitly present in the beam-beam case, is not present in the modulational diffusion model.
Tune plan scam
Primary resonance scan
A second scan was performed by setting QXo = 20.597, and decreasing the vertical base tune QYo to gradually increase a, the distance to the nearest coupling resonance. This value of QXo places a test particle in the center of a thick layer of chaos surrounding the Q, = 20.6 resonance, a necessary condition for modulational diffusion predictions to apply. Note that the nearest coupling resonance 4Qx + QY = 103 is not directly visible in Figure 5 . Note the different timescales.
sets with fast growth rates y > 1, limiting CY to values larger than about 2. The maximum value of Q w 4.5 is given by effects. For each value of Q the evolution is plotted, side by side, on both log-log and log-linear scales. The vertical amplitude clearly evolves like an exponential of time (uY -exp yt), and not like root time (aY -t1/2) as predicted by the standard modulational dimion model, or by standard diffusion phenomenology. Figure 7 shows exponential growth rate data from simulations over a range of Q values. In each case the exponential growth rate y was extracted by fitting the the raw data to a curve the availability of cpu time, and human patience. The pd rate has The rate of simulated vertical amplitude growth depends on the proximity of a nearby coupling resonance, and shows a structure of "plateaux and cliffs" similar to modulational diffusion predictions. However, the growth is exponential in time, and not root-time as predicted.
Resonance strengths in the staudard modulational diffusion model are not amplitude dependent. It has been suggested [19] that the exponential growth seen in the beambeam simulation may be due to the variation of primary or coupling resonance strength as the vertical amplitude increases from 0.la to 1.0a. This seems unlikely, in the restricted range of horizontal and vertical amplitudes which were tracked, but it remains a viable possibility.
The 2.5-D beam-beam interaction (with tune modulation) is analytically quite tractable, in addition to being a simple problem of practical concern. It may be possible to extend the standard analytical treatment of modulational diffusion to this case, and in doing so to include the important features of detuning, and resonance strength variation with amplitude.
An even simpler 2.5-D collides model, that of 3 octupoles plus 1 decapole, has already been used for other tune modulation studies [ 131. The octupoles are arranged to provide linear detuning with action without driving any resonances, while the decagole drives a resonance with no detuning. This model is more artificial than the beam-beam model, but it is also more tractable analytically (at modest amplitudes). It is also extremely fast in simulation.
The arena of 2.5-D diffusion is ripe for further study, in an attempt to reconcile analytical predictions with simple simulations. The ideal simple simulation would bear some relevance to contemporary -and future -hadron collider performance.
